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ABSTRACT

The main source feeding the abyssal circulation of the North Pacific is the deep, northward flow of

5–6 Sverdrups (Sv; 1 Sv [ 106m3 s21) through the Samoan Passage. A recent field campaign has shown that

this flow is hydraulically controlled and that it experiences hydraulic jumps accompanied by strongmixing and

dissipation concentrated near several deep sills. By our estimates, the diapycnal density flux associated with

this mixing is considerably larger than the diapycnal flux across a typical isopycnal surface extending over the

abyssal North Pacific. According to historical hydrographic observations, a second source of abyssal water for

the North Pacific is 2.3–2.8 Sv of the dense flow that is diverted around the Manihiki Plateau to the east,

bypassing the Samoan Passage. This bypass flow is not confined to a channel and is therefore less likely to

experience the strongmixing that is associated with hydraulic transitions. The partitioning of flux between the

two branches of the deep flow could therefore be relevant to the distribution of Pacific abyssal mixing. To gain

insight into the factors that control the partitioning between these two branches, we develop an abyssal and

equator-proximal extension of the ‘‘island rule.’’ Novel features include provisions for the presence of hy-

draulic jumps as well as identification of an appropriate integration circuit for an abyssal layer to the east of

the island. Evaluation of the corresponding circulation integral leads to a prediction of 0.4–2.4 Sv of bypass

flow. The circulation integral clearly identifies dissipation and frictional drag effects within the Samoan

Passage as crucial elements in partitioning the flow.

1. Introduction

Bryden and Nurser (2003) have argued that turbu-

lence in deep passages accounts for a significant portion

of the total abyssal mixing in the Atlantic Ocean. Their

estimates are based on the observed changes in density

experienced when Antarctic Bottom Water (AABW)

enters a deep passage and is locally mixed as a result of

the instability, overturning, and turbulence that typically

accompany strong hydraulic transitions. They trace the

flow ofAABW through severalmajor passages, including

the Vema Channel and Romanche Fracture Zone, esti-

mate the turbulent buoyancy fluxes for each, and com-

pare the sum to the total buoyancy flux required to close

the abyssal mass budget. By their measure, mixing in the

overflows tends to dominate mixing in the deep basins.

The abyssal Pacific was not included in the discussion

by Bryden and Nurser (2003), perhaps because the

corresponding deep passages are not as well observed as

those in the Atlantic. However, it is well known that the

North Pacific Ocean abyssal circulation is fed primarily

by Antarctic-origin BottomWater that has made its way

northward from the SouthernOcean and passed through

the Samoan Passage and nearby passages (Fig. 1) around

78–128S (Reid and Lonsdale 1974). As a component of

observations made along World Ocean Circulation Ex-

periment (WOCE) line P31, Roemmich et al. (1996) and

Rudnick (1997) deployed a line of current meters across

the entrance of the Samoan Passage and calculated a

17-month average northward volume transport of 6.0 Sv

(1Sv [ 106m3 s21). This value can be compared with

hydrographic estimates of 6.0Sv by Taft et al. (1991)

based on the Transport of Equatorial Waters (TEW)

expedition, and with Freeland’s (2001) value of 8.4SvCorresponding author: Larry Pratt, lpratt@whoi.edu.
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based on WOCE line P31N data. Freeland (2001) and

Whitehead (2005) also made estimates (5.7 and 7.1 Sv,

respectively) using hydraulic control formulas. A recent

field campaign (Alford et al. 2013; Voet et al. 2015, 2016)

included a 15-month record from moored current me-

ters across the entrance, resulting in a volume transport

estimate of 5.4 Sv (Voet et al. 2016). In summary, hy-

drographic and hydraulic flux estimates lie reasonably

close to the time-average estimates of 6.0 Sv (Roemmich

et al. 1996) and 5.4 Sv (Voet et al. 2016) made from

direct current meter measurements. It is notable that

fluctuations in the instantaneous volume transport

ranging from 1–2 to over 10 Sv, much of it due to tidal

variability, were observed in the two current meter de-

ployments (Roemmich et al. 1996; Rudnick 1997; Voet

et al. 2016).

There is also evidence that a significant portion of the

total northward volume transport bypasses the Samoan

Passage and flows around the east side of the Manihiki

Plateau (Fig. 1). Based on the hydrographic data col-

lected as part of WOCE Section P31 (Talley 2007),

Roemmich et al. (1996) noted that the isopycnals in the

Penrhyn basin slope up in the westward direction along

the eastern flank of the Manihiki Plateau, suggesting

the presence of a deep western boundary current. They

estimated a northward transport of 2.8 Sv. Previous

to this estimate, Taft et al. (1991) had examined hy-

drographic data in the western portion of the Penrhyn

basin, collected as part of the TEW cruise. They did

not present a transport estimate, noting only that the

water properties lack evidence of a high-latitude source.

However, Roemmich et al. (1996) reexamined the TEW

data and calculated a northward transport of 2.3 Sv.

(They also noted that the section spacing was larger than

for the P31 data.) The time dependence present in the

Samoan Passage may also be present in any bypass flow,

so that a calculation based on a single hydrographic

section may depend on when the section was taken.

Alford et al. (2013) show that the Samoan Passage

contains a complex of sills and passages, with hydrauli-

cally controlled overflows, overturns, hydraulic jumps,

and highly elevated levels of energy dissipation. Their

observations suggest that AABW with potential tem-

perature less than 0.78C is mixed away. In addition, the

primary signature of North Atlantic DeepWater, a local

salinity maximum above the bottom layer of Antarctic

BottomWater (Reid and Lynn 1971), is alsomixed away

within the passage. Little is known about mixing to the

east of the Manihiki Plateau, but the steeply sloping

isotherms along the eastern boundary of the plateau

in WOCE Section P31 (Fig. 3) suggest that the width

(ffi300 km) of the deep western boundary current is

significantly larger than the typical width (,50km) of

the individual channels that contain the deep transport

in the Samoan Passage. This and the lack of constraining

channel walls suggest that the branch of the northward

FIG. 1. The local bathymetry of the Samoan Passage, Manihiki Plateau, and Penrhyn basin.

The arrows show volume flux estimates due to Roemmich et al. (1996) and based on WOCE

line P31 (blue dots). The transport across Robbie Ridge and that to the east of the Manihiki

Plateau are hydrographic-based, geostrophic estimates, whereas the 6.0-Sv transport in the

Samoan Passage is based onmoored currentmeters (Rudnick 1997). Voet et al. (2016)measure

a 15-month mean Samoan Passage transport of 5.4 Sv based on current meters moored in

roughly the same location. A second northward transport estimate of 2.3 Sv to the east of the

Manihiki Plateau was made by Roemmich et al. (1996) based on data collected by Taft et al.

(1991) along the more sparsely spaced TEW stations (maroon dots).
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flow lying to the east of the Manihiki Plateau is broader

and slower, and therefore less prone to the intense

vertical mixing that can occur when a stratified fluid

spills over a sill. It is certainly possible for hydraulic

transitions to occur within geostrophic boundary cur-

rents, especially where capes, headlands, and offshore

ridges are present (e.g., Dale and Barth 2001) and there

are several ridges that protrude from the northeast

corner of the Manihiki Plateau (Fig. 1). However, evi-

dence from a numerical simulation, described later in

this manuscript, suggests that the near bottom flow is

steered around, and not over them. Mixing due to water

spilling over these ridges, either directly or driven by

tides (as in Musgrave et al. 2016) would tend to be

weakened by the topographic steering.

Other evidence for mixing and transport east of the

Manihiki Plateau appears to be inconclusive. There are

no known abyssal microstructure measurements in the

Penrhyn basin. WOCE Section P31 does not reveal the

presence of a salinitymaximumcorresponding toNADW,

either within the Samoan Passage or to the east of the

Manihiki Plateau. Reid and Lonsdale (1974) report

on three CTD casts taken east of the Manihiki Plateau

as part of the Styx Expedition. Some current meter

measurements were made just above the bottom. No

measurements revealed bottom potential temperatures

colder than 0.828C, leading the authors to comment on

the apparent lack of northward transport in the western

Penrhyn basin. However, the near bottom velocity at

one of the locations was less than 1 cm s21 and was not

measured at the other two locations, so it is not clear that

any of the stations were positioned in the path of the

deep western boundary current.

The mixing that occurs along the east Manihiki

branch of the northward flow is likely to be quite dif-

ferent, and perhaps of lower intensity, than what is

experienced in the Samoan Passage. Fluid parcels in

the east branch may also experience longer transit

times and distances compared with parcels that pass

directly through the Samoan Passage. For this reason it

is relevant to understand the factors that determine

the division of volume flux between this branch and

the hydraulically controlled Samoan Passage branch.

Apart from mixing, it is of general interest to under-

stand why abyssal flows follow certain pathways when

multiple choices are possible. We will attempt to gain

insight into these questions by examining vorticity and

circulation balances as expressed in an extension of

the ‘‘island rule’’ (Godfrey 1989) to an abyssal layer.

The purpose is to predict the northward transport to

the east of the Manihiki Plateau and, more impor-

tantly, identify the key factors that set the volume

transport.

This is not the first application of circulation inte-

grals in pursuit of a better understanding of deep cir-

culation (e.g., Pedlosky et al. 2011). However, the

presence in the Samoan Passage of hydraulic pro-

cesses, with enhanced mixing and bottom drag, along

with the proximity of the equator, force us to con-

tend with some novel and interesting features. We

will detail these in section 2 and then apply the result

to Samoan Passage/Manihiki geography (section 3),

drawing upon data described in Alford et al. (2013)

and Voet et al. (2015, 2016). Section 4 will revisit the

topic of abyssal mixing in light of the foregoing re-

sults. We will argue that the Samoan Passage plays a

dominant role in the abyssal buoyancy flux budget for

the North Pacific and we will offer some thoughts on

how the existence of the Manihiki bypass flow enters

this narrative, and why it might be important in a

warming abyss.

2. Island rule formulation

a. 1.5-layer approximation and dynamics

For simplicity and tractability, we will assume that the

bulk of the deep-water flow can be modeled as a single,

homogeneous layer that is overlain by an inactive region

with slightly lower density. There are a number of rea-

sonable choices for the interface, but observations re-

ported in Voet et al. (2015, their Fig. 4) strongly suggest

the 18C potential temperature surface as the best overall

choice. In particular, velocity profiles from a lowered

ADCP show that the velocity diminishes rapidly to

zero as one passes upward across the 18C surface. The

thickness of the underlying, active layer is denoted by

d(x, y, t), the corresponding reduced gravity by g0, and
the motion of the layer is governed by the shallow

water equations with the Coriolis parameter f(y).

(Calculation of the numerical value of g0 in such a

model is often problematic, but our particular formu-

lation of the problem will not require a numerical

value.) We begin by considering a domain with sim-

plified geometry (Fig. 2), bounded to the west by a

straight wall and with a rectangular island or plateau.

Far to the east the layer depth vanishes along a

grounding contour. The strait that separates the west-

ern boundary and plateau contains at least one sill with

an overflow and an energy dissipating hydraulic jump

(red patch).

A generalized version of Godfrey’s (1989) rule can be

formulated by first writing the shallow-water momen-

tum equation in the convenient form

›u

›t
1 (z1 f )k3u52=B1D , (1)
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where u 5 (u, y) is the horizontal velocity, f is the

Coriolis parameter, z is the vertical component of rela-

tive vorticity, B5 juj2/21 g0(d1 h) is the Bernoulli

function, h is the bottom elevation, and D represents

bottom frictional drag. This equation holds everywhere

except within the hydraulic jump, where turbulent and

nonhydrostatic effects prevail.

We now integrate the tangential component of (1)

about a fixed, nearly closed circuit C that begins just

upstream of the jump (at the point s 5 0 in Fig. 2) and

ends just downstream of the jump (s5 sC). The contour

runs along three sides of the plateau, assumed to be

vertical walls and therefore admitting no cross-flow. The

path of the contour to the east of the plateau will be

explained shortly. The result of the integration is

›

›t

ðsC
0

u � l ds1
ðsC
0

(f 1 z)u � n ds5 dB1

ðsC
0

D � lds , (2)

where l and n are unit vectors orientated tangent and

normal to the contour (Fig. 2) and

dB5Bj
s50

2Bj
s5sC

is the (positive) drop in the energy (Bernoulli function)

across the jump.

The inclusion of the term dB in (2) represents an im-

portant departure from other forms of the island rule,

where the integration contour C is closed and the con-

tribution from the derivative of the Bernoulli function is

nil after integration around C. The danger in using this

approach here is illustrated by considering a hydraulic

jump in a single-layer, homogeneous flow with a free

surface and no bottom drag. The jump is very abrupt and

occurs over a downstream distance on the order of

the fluid depth. As pointed out by Pratt and Whitehead

(2008, section 1.6b) integration of (1) from a point

slightly upstream to a point slightly downstream of the

jump would lead to the conclusion that dB5 0, whereas

it is well known that the jump contains a high level of

internal dissipation. The pitfall comes from integration

of an equation across a zone in which the equation does

not apply, and it is for this reason that we avoid carrying

the integration through the jump. A desirable advance

would be a parameterization of dB in terms of upstream

conditions, something that is possible in the homoge-

neous case. Thorpe (2010) and Thorpe and Li (2014)

have made progress on this problem in connection with

jumps in stratified fluids, and Thorpe et al. (2018) have

shown that the results apply to a particular segment of

the Samoan Passage flow where strong overturns are

observed. However, strong dissipation, overturns, and

mixing occur in other parts of the Samoan Passage and it

is not clear how to parameterize all of these. We will

instead rely on direct measurements of dissipation to

evaluate dB.

The second term in (2) is nonzero only over the por-

tions of the contour that do not follow a boundary.

Consider this integral over the segment s1 , s , s2.

Following Pedlosky et al. (1997) it is advantageous to

choose this segment to coincide with a contour of con-

stant potential vorticity, in which case

FIG. 2. Idealized setup for the formulation of the island rule to predict the volume transport

QS to the east of the Manihiki Plateau. The inset shows the (dashed) shortcut introduced to

avoid the equator.
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ðs2
s1

(z1 f )u � n ds5
ðs2
s1

(z1 f )

d
du � n ds5 q

S

ðs2
s1

du � n ds ,
(3)

where qS 5 (f 1 z)/d is the potential vorticity and

QS 5
Ð s2
s1
du � n ds is the volume flux across this segment.

b. The integration contour

Let us now consider how the shape of the contour

s1 , s , s2 is determined. Since the flow is deep and is

expected to have low Rossby number, we will assume

that qS is dominated by the contribution from f/d. To

visualize the layer thickness (d) field, consider WOCE

Section P31 (Fig. 3), which extends roughly east to west,

and cuts across the Penrhyn basin and Samoan Passage.

The u 5 1.08C surface lies at about 4000-m depth in the

Samoan Passage (near 1708W) and extends across the

Penrhyn basin to the east of the Manihiki Plateau,

grounding at the eastern slope near 1528W. This

grounding location marks the edge (d 5 0) of the lower

layer and is indicated by a solid line at the eastern edge

in Fig. 2. The regional location of the grounding line can

be seen in a plot of the depth of the 18C surface (Fig. 4).

Water colder than 18C, which corresponds to our model

FIG. 3. WOCE Section P31 of potential temperature across the Samoan Passage and the

Manihiki Plateau. The location of the P31 line is indicated in Fig. 1. Note that the gap at 1658W
is topographically blocked farther to the north. Our hypothetical lower layer consists of water

colder than 18C. Constructed from data available on the World Ocean Atlas.

FIG. 4. Depth of 18C potential temperature surface in the Pacific. The colored area north of the equator is used to

estimate the average diapycnal velocity across the 18C surface. The rectangle indicates the area shown in Fig. 1.

(Made from World Ocean Atlas data.)
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layer, forms a cold tongue that extends northward from

the Southern Ocean, through the Samoan Passage and

around the east side of the Manihiki plateau, crossing

the equator and terminating in the tropical North

Pacific. The grounding contour corresponds to the east-

ern edge of this tongue, also shown in a magnified view in

Fig. 5.

Next consider a contour of constant f/d that begins at

the southeast corner (s5 s1) of the plateau in Fig. 2. As

one moves eastward, away from this corner, d decreases

and thus one must move toward the equator in order to

maintain a constant value of f/d, which for our Southern

Hemisphere example is negative. Note also that f/d

tends to 2‘ at the grounding edge of the domain to the

east, and approaches zero at the equator, so the inter-

section of the equator and the grounding contour is a

singular point for the f/d field. Since all values in the

range 2‘ , f/d , 0 occur in its near neighborhood, the

intersection acts as an accumulation point for f/d con-

tours with negative values. If this is true as well for the

constant f/d segment that begins at the northeast corner

(s5 s3) of the plateau, then the contours will meet at the

accumulation point and the combined segments forming

the portion of C to the east of the island will look

something like the horn-shaped contour (s1, s2, s3) in

Fig. 2.

c. Remarks on the singularity in the f/d field

The apparent singularity at the equator only exists to

the extent that the approximation jf j � jzj is carried all

the way to the equator. The actual shape of a constant

potential vorticity contour near the equator is influenced

by the relative vorticity field there and the two contours

emanating from the corners of the island will gener-

ally not meet. Although it might be possible to invoke a

theory for the structure of the flow near the equa-

tor (e.g., Pedlosky 1987), none contemplate the

special condition of our abyssal flow, including the

grounding of the edge of our layer there. We can,

however, estimate the error incurred through the ne-

glect of relative vorticity by excising the unknown por-

tion of the contour and replacing it by a ‘‘shortcut,’’ as

shown in the inset of Fig. 2. The shortcut is chosen to be

zonal so that any cross-contour advection of potential

FIG. 5. One choice for the integration contourC as represented by the thick blue, black, and

dashed black curves. The solid blue and black portions represent the southern and northern

segments of the portion of C to the east of the Manihiki Plateau and correspond to different

values of constant f/d. The short dashed zonal segment is the shortcut at 4.08S. The dashed

contour to the east of the Manihiki Plateau completes the circuit. The colors indicate f/d for

the layer below 18C. Thin black and red curves show other contours of constant f/dwith values

corresponding to those for the northern and southern segments ofC. These often occur where

bumps in the topography create small closed contours of constant f/d. White areas indicate

regions where the bottom temperature is warmer than 18C.
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vorticity due to currents parallel to the equator is zero.

Ideally, the zonal segment is short and sufficiently far

from the equator that f dominates the absolute vorticity.

The procedure for estimating the error incurred as a

result of altering the contour is presented in appendix A

and found to be insignificant for theManihiki application.

It should be noted that the apparent equatorial sin-

gularity is a feature that is avoided in most other layer-

based island rule formulations by imposition of vertical

walls at eastern boundaries. For example, the zonal

sections of C in Godfrey’s (1989) original work termi-

nate at the South American coast. Had Godfrey chosen

to confront the topographic effects of the continental

slope and shelf, he might have allowed his southern

contour to bend equatorward in order to maintain con-

stant f/d, similar to what we have done. This southern

contour would have then met the northern segment of

the contour (already located close to the equator). This

alteration in the integration path would have affected

only a small portion of the total length, so the transport

prediction would likely not have changed much.

Although the singularity in the f/d field is in some

sense removable, it functions as an important organizing

feature for the integration contour west of the plateau.

The two constant f/d segments originating at the northern

and southern tips of the plateau are attracted by the

singularity and are therefore drawn close to each other

as the equator is approached, allowing one to form a

closed contour by introducing the shortcut segment.

Even if we knew the relative vorticity field and could

thereby trace the contours right to the equator, we

would still need to join them somehow.

d. The integral constraint

We now continue with the formulation that neglects

relative vorticity near the equator, and will quote the

estimated error when predictions of the transport are

given. The second integral in (2) can, in view of (3), be

approximated as

q
S

ðs2
s1

du � n ds1 q
N

ðs3
s2

du � n ds5 q
N
Q

N
2 q

S
Q

S

ffi
�
f

d

�
N

Q
N
2

�
f

d

�
S

Q
S
.

(4)

Here Qs is the volume flux crossing the southern seg-

ment, and we use the convention that this flux is positive

if it moves fluid into the enclosed areaAE lying within C

and to the east of the island (Fig. 2). Parameter QN is

the volume flux crossing the northern segment and is

regarded as positive if it moves fluid out of AE. If the

flow is steady, the difference dQ 5 Qs 2 QN is the total

upward diapycnal volume flux crossing the 18C surface

over the area AE.

We can rewrite the right-hand side of (4) as

(f /d)
N
(Q

S
2 dQ)2 (f /D)

S
Q

S

5 [(f /d)
N
2 (f /d)

S
]Q

S
2 (f /d)

N
dQ ,

where

dQ5

ðð
AE

w
e
dA ,

and where we(x, y, t) is the diapycnal velocity normal to

the bounding interface, in our case the 18C surface.

Equation (2) now becomes

[(f /d)
N
2 (f /d)

S
]Q

S
5 (f /d)

N

ðð
AE

w
e
dA1 dB

1

ðsC
0

D � lds2 ›

›t

ðsC
0

u � l ds . (5)

Note that the presence of a hydraulic jump (resulting

in a positive drop dB in the Bernoulli function) acts to

increase QS. Also note that if we . 0, (5) predicts a

negative (southward) transport QS provided that the

second, third and fourth terms on the right-hand side are

neglected, a situation directly analogous to the tradi-

tional island rule. In this case, a positive dB or dragD � l
is necessary in order to produce northward QS. The

significance of the sign of dB can be motivated through

consideration of a moving column of fluid with B 5
(u2 1 y2)/2 1 g0d 1 g0h. If the flow is steady and the

column moves along a streamline that terminates in a

stagnation point, then the elevation d1 h at that point

is given by B/g0. The term dB/g0 is thus the potential

elevation drop, equivalent to a pressure drop, across a

hydraulic jump based on loss of energy within the

jump. When B experiences a net drop between two

ends (s 5 0 and s 5 sC) of C, this drop acts as a net

stress along the contour. In the case of the Manihiki

Plateau/Samoan Passage system, this stress acts in an

anticlockwise direction, whereas clockwise circula-

tion is generated by vortex stretching due to upwell-

ing over AE and by the convergence of planetary

vorticity due to northward flow across the open parts of

C. Thus a positive dB and/or positive bottom dragD � l is
necessary if one is to obtain a steady, balanced northward

flow.

It is possible, of course, that the average value of we

over AE is ,0. As pointed out by Ferrari et al. (2016),

downwelling can occur over a segment of the abyssal

water column where the turbulent buoyancy flux in-

creases toward thebottom.Measurements bymicrostructure
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profilers in the abyssal Penrhyn basin could inform this

issue, but we know of no such measurements.

3. Application to Manihiki Plateau

We now attempt to predict the time-mean flow rate to

the east ofManihiki. In doing so, we will assume that the

final term in (5) is negligible in a long-term time mean.

Then (5) can be rearranged as

Q
S
5

(f /d)
N

ðð
AE

w
e
dA

E
1 dB2

ðsC
0

C
d

juj
d
u � l ds

[(f /d)
N
2 (f /d)

S
]

. (6)

A quadratic drag term with dimensionless drag co-

efficient Cd has been used to represent the frictional

bottom drag. Pratt and Pedlosky (1998) also considered

frictional drag in a strait to the west of an island, but the

flowwas barotropic andwind driven, the drag linear, and

hydraulic jumps and other transitions were not in play.

One might ask why topographic form drag does not

appear in formulation; it is, in fact, avoided by the par-

ticular form (1) of the momentum equation. Had we

started with the depth-integrated version of the mo-

mentum equation, form drag would explicitly arise. Fi-

nally, it is noted that the reduced gravity coefficient g0

arises only within the term dB. Since the latter will be

estimated from direct measurements of dissipation, the

numerical value of g0 is not required.

a. Integration contour

For the traditional island rule, an important consid-

eration in choosing the integration contour C is avoid-

ance of the eastern boundary of the island. This

boundary may support a western boundary layer, and

the corresponding high levels of friction will contribute

to the circulation integral in ways that are significant and

difficult to estimate. This is why Godfrey (1989) chose

to route C around the western side of the island, which

cannot support a western boundary layer. This motiva-

tion is less relevant in the present case, since friction and

dissipation are potentially significant on both the east

and west sides of the Manihiki Plateau. In our case the

choice is dictated by the fact that the dissipation and

velocity have been directly measured along the west

side, within the Samoan Passage.

Another consideration that figures in the selection of

C is that the thickness of our hypothetical layer (all

water colder than 18C) vanishes around the edge of the

Manihiki Plateau. In textbook examples of the island

rule, the plateau would have vertical sidewalls, and one

would choose that portion of C that wraps around the

western side of the plateau to lie along the vertical walls,

this in order to avoid horizontal flow across C there. In

the present case, the same outcome could be accom-

plished, in principle, by locating the western portion ofC

to coincide with the contour along which the 18C surface

grounds, precluding flow across C there. However, the

quadratic drag term in our momentum equation, which

contains a factor of 1/d, would then be difficult to esti-

mate. As a compromise, we locate C slightly outside of

the grounding contour, where that d is nonzero.

With these considerations in mind, we have mapped

out a range of reasonable integration contours, each

pinned to different ‘corners’ of the Manihiki Plateau.

One such contour appears in Fig. 5.

b. Diapycnal upwelling across the interface

The first term in the numerator on the right-hand side

of (6) is the area integral of the diapycnal velocity across

the 18C surface. This is the analog to the wind stress term

in the traditional island rule, equivalent to the integral of

the wind stress curl over an area. One means of esti-

mating the diapycnal velocity would be to assume a one-

dimensional balance in the buoyancy equation with a

turbulent diffusivity inferred from microstructure mea-

surements. However, we have not been able to identify

any microstructure observations in the region east of

Manihiki and within the Penrhyn basin. Instead we

estimate a diapycnal velocity for the 18C surface as a

whole north of the equator by dividing its surface area

(Fig. 4) by the 9.9 Sv of total transport estimated by

Roemmich et al. (1996) as approaching the equator from

the south. This yields a value we 5 4.4 3 1025 cm s21,

which, when integrated over the wetted area enclosed by

the contour shown in Fig. 5, yields 0.87 Sv. Other rea-

sonable choices for the contour give values up to 0.99 Sv.

The corresponding term in (6) gives contributions in the

range from 20.14 to 20.24 Sv toward QN. The above

value of we is an order of magnitude greater than the

average value of deduced from microstructure and fine

structures measurements within 108 of the equator (see

Kunze et al. 2006). We therefore treat our value as an

upper bound, with a lower bound of zero, noting that the

Penrhyn basin has relatively smooth topography and

may therefore have an average we that is less than the

average value of the area covered by the 18C isotherm

north of 108S. A final caveat is that, as discussed above,

there could be net downwelling over the Penrhyn basin,

but there is nothing that would permit us to quantify this.

This weak southward flow is consistent with the idea

that an upward diapycnal velocity across the 18C inter-

face leads to vortex stretching in the fluid below, and

that in the absence of relative vorticity this must cause

fluid move southward to preserve potential vorticity, the

same idea that underlies the Stommel and Arons (1960)
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model of interior abyssal circulation. However, this

analogy is imperfect since the island rule prediction of

Qs includes the transport in any western boundary layer

on the east coast of the island: a contribution not con-

templated within the Stommel–Arons framework. In

any case, the island rule predicts southward flow if the

dissipation and bottom drag within the Samoan Passage

are not accounted for: one of the central conclusions of

this work.

c. Dissipation in the Samoan Passage

Alford et al. (2013) report measurements of velocity

and turbulent kinetic energy dissipation rate « along the

central axis of the main channel of the Samoan Passage

(Fig. 6). The topography is complex and there are sev-

eral deep-water routes, but the main channel lies on the

eastern side of the passage. Here there are two major

sills, and elevated values of « and velocity can be seen

in their vicinity. Thorpe et al. (2018) argue that the

rebound in the isopycnals in the lee of the northern

(downstream) sill is a hydraulic jump. This and the re-

gion of elevated « around the other sill occur over

stretches of 40–60km, whereas shallow water theory

would represent jumps as discontinuities in the velocity

and layer thickness. For this reason, we will choose the

beginning (s5 0 in Fig. 2) of the integration contourC to

coincide with the upstream end (y5 yu in Fig. 6) and the

contour end (s 5 sC) to coincide with the downstream

end y 5 yd. With these choices, C now begins near the

upstream end of the Samoan Passage and terminates

at the downstream end. In this case, dB in (6) should

be interpreted as the total drop in Bernoulli function

B from y 5 yu to y 5 yd, and the bottom drag term

(final term in numerator) is to be calculated only over

C itself and not in the gap.

To estimate the drop dB from yu to yd, we consider a

2D control area A (outlined in green in Fig. 6) that in-

cludes the region over which « is measured. We make

several strong assumptions: first, that the flow within is

2D and second, that the measured values are represen-

tative of 15-month mean values. We also assume that

there is only weak motion at the top of the area, which

coincides with the 18C potential temperature contour,

and this is largely confirmed by velocity measurements.

Both assumptions can be challenged, but we are re-

stricted by the data that exists.

The ability to rigorously estimate the uncertainty in

this dissipation average is severely limited by available

microstructure data, but there are two lines of reasoning

to suggest that it may be no larger than the relative

uncertainty in the transport average (i.e., 20% or so,

corresponding to a 1-Sv standard deviation on the low-

passed transports with an average of 5.4 Sv). First, the

section shown in Fig. 6 was occupied over several days,

with the microstructure profiles occurring at random

tidal phases, thereby effectively averaging out tidal

variability to a good degree. Second, our analysis of

density overturns in moored profiler time series near

several of the sills have shown little direct correlation

between transport and dissipation. Dissipation is inter-

mittent but averages are fairly stable. This work is being

prepared for a future publication, but it does imply that

a dissipation uncertainty estimate based on transport

variability would not provide much benefit.

FIG. 6. The control area A outlined in green is the 2D control area used to calculate the change in Bernoulli

function. The figure also shows the rate « of turbulent kinetic energy dissipation (stick profiles), velocity (color), and

potential temperature (contours), all from Fig. 2b of Alford et al. 2013.
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As argued in appendix B, the drop in Bernoulli

function in the present setting is due primarily to the

energy dissipation occurring within the control area A

and to the work done by turbulent stresses acting along

the lower boundary of A. If A extends right to the bot-

tom, the work term goes to zero and dB is entirely due to

dissipation within A. (The no-slip boundary condition

implies that work due to bottom friction is zero.) Since

the measurements of « by Alford et al. (2013) only go to

within 50m or so of the bottom, we need to estimate the

dissipation below that level. We therefore distinguish

the dissipation in the observed area A from that in the

underlying region A2:

dB5

ðð
A

r« dA1

ðð
A2

r«dA

M
, (7)

where M is the depth integrated average mass flux per

unit width in the y direction. The second integral in (7) is

approximately equal to the work done by shear stresses

acting along the boundary betweenA andA2 and can be

estimated, as described in appendix B, from the qua-

dratic drag coefficient.

d. Frictional drag around the west side of Manihiki

The Samoan Passage spans only a small part of the

total latitude range of the Manihiki Plateau and there-

fore the integration contour C has a significant length

along the western side of the plateau north and south of

the passage (Fig. 7). Estimation of the bottom drag

along these portions of C is difficult because velocity

observations exist only within the Samoan Passage. To

establish an estimate of how significant these drag terms

could be, we turn to results from a numerical model. The

model has 90 vertical levels and a horizontal resolution

of 1/488 and computes forward solutions of the Massa-

chusetts Institute of Technology general circulationmodel

(MITgcm; Marshall et al. 1997). This high-resolution

simulation is based on the coarser data-assimilating Esti-

mating theCirculation andClimate of theOcean, Phase II

(ECCO2; Menemenlis et al. 2008) state estimate. A fur-

ther description and analysis of themodelmay be found in

Rocha et al. (2016a) and Rocha et al. (2016b).

One of the more challenging aspects of the frictional

drag estimate is the selection of the route that C takes

along the west side of the Manihiki Plateau. In textbook

examples, this part of the contour would typically lie

along a vertical wall, so that no cross-contour transport

would be possible. One would therefore like to choose

a contour that is likely to permit the least amount of

normal transport. Possibilities include streamlines, iso-

baths and constant f/d contours. Streamlines are the best

choice and are used downstream of the Samoan Passage,

where they are smooth and long. The upstream region is

more complex and a variety of choices are used (Fig. 7)

as integration contours.

4. Estimation of the transport east of Manihiki

If (7) is used to substitute for dB in (6) we have

Q
S
5Q

I
1Q

«
1Q

C
, (8)

where

Q
I
5

(f /d)
N

(f /d)
N
2 (f /d)

S

ðð
AE

w
e
dA

E
ffi 0–0.24 Sv,

Q
«
5

ðð
A

r«dA

M[(f /d)
N
2 (f /d)

S
]
ffi 0.58–1.64 Sv,

Q
C
52

ðsC
0

C
d

juj
d
u � l ds

(f /d)
N
2 (f /d)

S

ffi 0.05–0.75 Sv,

and where the parameter values used to make the above

estimates appear in Table 1.

FIG. 7. Various choices for the integration contour C to the west

of the Manihiki Plateau and upstream and downstream of the

Samoan Passage. Blue shading indicates bottom depth, while

black contours are streamlines of near-bottom velocity from the

numerical model. White areas indicate areas with model bottom

temperatures warmer than 18C. Colors represent various choices of
the integration paths, with red indicating choices that approxi-

mately follow bottom streamlines extending downstream of the

Samoan Passage. Green contours follow isobaths while magenta

contours follow contours of constant layer depth d. The locations

marked s1, s3, etc. correspond to the beginnings and ends of contour

segments following the plan indicated in Fig. 2.
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Here QI is the contribution to the total flux from

the interior diapycnal velocity we 5 4.4 3 1025 cm s21

over the open area AE, here estimated from 20.14

to 20.24 Sv depending on the integration contour. The

value of we is regarded as an upper bound and therefore

we believe that the actual transport lies in the range

from zero to 20.24 Sv. We have also estimated the

transport error that arises from continuing the integra-

tion contour C all the way to the equatorial singularity.

This is done by comparing QI to the value that would

occur if the equator were avoided by splicing in a

shortcut section, as depicted schematically in Fig. 2.

Details of the calculation can be found in appendix A.

For the integration contour shown in Fig. 5, which gives

QI 5 20.24 Sv, the correction due to the shortcut

(dashed segment at 48S) is only 20.0074Sv and is

therefore negligible. For the contour and shortcut used

to obtain QI 5 20.14 Sv, the correction is 0.02 Sv, re-

sulting in an adjusted transport of 20.12 Sv, which falls

within the uncertainty range already established.

Parameter Q« is the contribution from the internal

kinetic energy dissipation in the Samoan Passage. We

integrated the values of r« measured within the area A,

and shown in Fig. 6, and added the estimate from the

bottom 50m of the water column (areaA2) as described

in appendix B. The mass flux M per unit width was es-

timated using the same data. The range of estimates

(0.58–1.64 Sv) for Q« largely comes from uncertainty

in our estimate of « in regions where no measure-

ments were made. Finally, QC is the contribution from

the bottom drag integrated around those portions of the

contour C that wrap around the western side of the

Manihiki Plateau. We used a drag coefficient ranging

from 1023 to 3 3 1023 based on estimates of Cd from

direct measurements of turbulence in shallow water.

Measured values span from 1023 to 1022 (Trowbridge

and Lentz 2018) based on the strength of the wave-

induced velocity. For our abyssal flow, in which the

wave-induced velocity is expected to be small, we chose

values at the lower end of this range.

Summing the contributions from the various constit-

uents yields the range

Q
S
5 (0:39–2:39) Sv, (9)

as compared with the two previously cited hydrographic

estimates 2.3 Sv [from the Roemmich et al. (1996)

analysis of the Taft et al. (1991) TEW data] and 2.8 Sv

[from the Roemmich et al. (1996) analysis of WOCE

Section P31 data]. Uncertainty estimates are difficult,

but these observed values should be considered in the

context of the time variability of the Samoan Passage

transport. There the standard deviation of the 100-h

low-pass-filtered transport is about 1 Sv. The standard

deviation due to tides in the unfiltered record is much

larger, but a hydrographic estimate of the transport

based on a single section should be more representative

of the subtidal average. The extent to which the same

level of variability is experienced east of Manihiki is

unknown, but we note that the edge of the plateau po-

tentially acts as a waveguide that could transmit vari-

ability counterclockwise from the Samoan Passage to

the east side of the plateau.

TheQS is the total transport to the east of theManihiki

Plateau, equal to the sum of the transport QWLB in the

western boundary layer along the east flank of the plateau

and the Stommel–Arons transportQSA to the east of the

deep western boundary current. For our layer model, the

latter is given by

Q
SA

ffi
ðs2
s11dWBL

fw
e

d
›

›n

�
f

d

� ds , (10)

where the integration is carried out along the southern

part of the integration contour C and s1 and s2 are as

defined in Fig. 2. The integration begins at s5 s11 dWBL,

which corresponds to the eastern edge of the deep west-

ern boundary current. For largest magnitude of we used,

the result of this integration yields southward transport

QSA of only 20.02Sv, and thus

Q
WLB

5Q
S
2Q

SA
5 (0:41–2:41) Sv,

in view of (9). How the western boundary current

transport is fed requires knowledge of conditions to the

TABLE 1. Parameter values.

Parameter Description Range of values

we Diapycnal velocity across 18C surface 0 to 4.4 3 1025 cm s21ÐÐ
AE
we dA 0.87–0.99 Sv

Cd Quadratic bottom drag coefficient (1.0–3.0) 3 1023

« Rate of dissipation of turbulent kinetic energy See Fig. 6 for valuesÐÐ
A
r« dA 354.0 kgm2 s23

M Mass flux per unit width of channel (1.05 6 0.25) 3 106 kgm21 s21

(f/d)S Value of f/d along the southern part of C 28 3 1028 m21 s21

(f/d)N Value of f/d along the northern part of C 2(1.0–2.0) 3 1028 m21 s21
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south of the Samoan Passage and Manihiki Plateau.

The most widely studied section lies at 308S, where the

northward flow is observed to be split into two deep

western boundary currents, one along the Kermadec

Ridge and the other along the Louisville Ridge (Whitworth

et al. 1999).

5. Relationship to mixing in the abyssal Pacific

This study was motivated in part by observations of

strong mixing within the Samoan Passage and the sup-

position that equally strong mixing is unlikely to occur

within the flow that is diverted to the east of theManihiki

Plateau. But how important is the local mixing in this

region in the overall scheme of mixing and upwelling in

the abyssal Pacific? Consider a fluid parcel that enters

the Samoan Passage from the south, continues into the

abyssal North Pacific, and makes its way up and out of

the abyss. To do so, it must mix with overlying fluid of

lower density, a process that occurs through intense

turbulent entrainment in the Samoan Passage and

through a geographically complex distribution of mixing

processes in the abyssal North Pacific, characterized

holistically by an average turbulent diffusivity k ffi
1024m2 s21 (Munk 1966). Following Bryden and Nurser

(2003), the rate of mixing due to entrainment within a

deep strait can be approximated by the average volume

flow rate Q times the average decrease in density dr

observed between the upstream and downstream ends

of the strait. For the Samoan Passage we take the Voet

et al. (2016) estimate of Q 5 5.4 Sv as well as the esti-

mate dr ffi 0.04 kgm23 based on Voet et al. (2015, their

Fig. 2). We note that the latter is consistent with

Freeland’s (2001) estimate of 0.03–0.05 kgm23. The

product of these values is

Qdr ffi 2:23 105 kg s21 (SamoanPassage).

The equivalent estimate for mixing over the area AAP of

the abyssalNorthPacific isAAPk(dr/dz), whereAAPffi 33
107km2 and dr/dz ranges over (0.4–2.5) 31025 kgm24

below 4000m (King et al. 2012). With these values,

A
AP

k(dr/dz)5 (1:2–7:5)3 104 kg s21 (abyssalN. Pacific).

Another way of evaluating the importance of the Sa-

moan Passage is to consider how far northward an

exiting fluid parcel must travel before it undergoes the

same density decrease (dr ffi 0.04 kgm23) that it expe-

rienced in the Samoan Passage. Alford et al. (2013)

observe that the 26.13 neutral density surface exits the

Samoan Passage at about the same level (4500m) as our

18C interface. A further density decrease of 0.04 units

would put the parcel on the 26.09 surface, which extends

northward of 508N in the Pacific at a depth of about

4000m (WOCE Section P15). Thus, the parcel poten-

tially continues into the far North Pacific and gains ap-

proximately 500m elevation.

Consistentwith the findings ofBryden andNurser (2003)

for the deep Atlantic Ocean, the mixing in the Samoan

Passage appears to be a significant factor in the overall

picture. The partitioning of flow between the Samoan

Passage and the Penrhyn basin then becomes a factor in

the overall narrative of abyssal mixing and how the distri-

bution of mixing might change in a warming abyss.

6. Discussion

It is apparent that the abyssal form of the island rule

developed in this work is not a practical tool for precise

predictions of transports. Unlike the traditional form

for wind driven flow, which requires only wind stress

measurements, the present form requires a range of

problematic information, including diapycnal velocities,

dissipation values, and drag coefficients. Nevertheless,

the island rule formulation provides a good framework

for identification and evaluation of the factors that set

the transport to the east of the island. Our formulation

identifies turbulent dissipation in the Samoan Passage

and to a lesser extent frictional bottom drag on the

western side of the Manihiki Plateau as the main in-

gredients. Without them, the predicted transport to the

east of Manihiki would be southward. The predicted

transport range of 0.39–2.39 Sv compares with the ob-

served values of 2.3–2.8 Sv (Roemmich et al. 1996), both

based on single hydrographic sections and both subject

to uncertainty as time means. [The direct measurements

of the Samoan Passage transport by Rudnick (1997) and

Voet et al. (2016) vary in time from 1–2 to over 10 Sv,

and the transport east of Manihiki may undergo relative

fluctuations of similar size.]

Our analytical model also presents some elements

that are novel from the perspective of geophysical fluid

dynamics. One involves the singularity that occurs

where the equator intersects with the grounding contour

of the layer interface (the 18C isotherm). This loca-

tion acts as an accumulation point for f/d contours and

therefore exerts a major influence over the shape of the

open segments of the integration circuit. The singular

nature of this point can probably be resolved through

consideration of ageostrophic influences near the equa-

tor. In the unapproximated form of the circulation in-

tegral, the integration contours ought to lie along an

isoline of potential vorticity (f 1 z)/d, approximated f/d

in our model. As the equator is approached, f vanishes

and the detailed shape of the contour becomes strongly
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influenced by the relative vorticity z. A tacit assumption

in our calculations is that the region over which relative

vorticity is important is too small to have much effect

on the total value of the integrals. In addition, the

proximity of the integration circuits to the equator

means that the predicted transport QS might contain

zonal flow running along the equator. However, since

the layer depth d becomes small in the vicinity of the

accumulation point, the actual contribution to QS is ar-

guably small aswell.A third aspect that isworth exploring

is the extent to which themodel applies in the presence of

time dependence. It is possible to generalize the formu-

lation by including time derivatives [see Eq. (2)], but

the integration contourCmust then be allowed to change

with time. Of course, the shallow-water model has its

own set of limitations, none the least of which is the lack

of interaction with the overlying fluid. Future plans call

for further exploration of all of these issues within the

context of numerical simulations.

In addition to implications for mixing, the partitioning

of flow between the Samoan Passage and the route east

of Manihiki raises some intriguing questions about dy-

namics. One concerns the presence of hydraulic control

in the Samoan Passage, but most likely not to the east

of Manihiki: how is this possible? Normally, hydraulic

control implies an influence over the flow far upstream.

In standard rotating hydraulic models (e.g., Whitehead

et al. 1974; Gill 1977; Pratt and Whitehead 2008) the

upstream influence is exerted by an edge wave that is

excited at the controlling sill any time there is a temporal

change in the approach flow (Pratt and Chechelnitsky

1997). With vertical walls, the edge wave is a Kelvin

wave; when the layer depth vanishes, the edge wave

becomes a frontal wave (Stern 1980). In either case an

upstream-propagating, Southern Hemisphere edge wave

excited at one of the sills in the Samoan Passage

would not propagate far upstream but would instead

attempt to circle the Manihiki Plateau in a counter-

clockwise direction and possibly reenter the passage

from the north. The chain of events that occurs is per-

haps best simulated in a model, but the overall impli-

cation is that the upstream influence of the sills in the

Samoan Passage primarily involves control over the

partitioning of the flow.

Although the hydraulics and upstream influencemay act

in novel ways, these processes do not explicitly factor into

our particular island rule formulation. Hydraulic control

leads to spilling, supercritical flows that tend to experience

shear instabilities, jumps, and high dissipation regimes, so

there is an implicit connectionwith the dissipation term dB

in the island rule. A different approach may be required

to make the connection with hydraulic control explicit.

Acknowledgments. This work was supported by the

National Science Foundation underGrantsOCE-1029268,

OCE-1029483, OCE-1657264, OCE-1657870, OCE-1658027,

and OCE-1657795. We thank the captain, crew, and en-

gineers at APL/UW for their hard work and skill.

APPENDIX A

QS Estimate Using Modified Northern Contour

Suppose that integration contour extending from s 5
s1 to s 5 s3 in Fig. 2 is altered by excising the segments

that approach the equator and replacing them with a

shortcut consisting of a zonal segment extending from

s 5 s22 and s 5 s12 as shown in the inset. The latter is

situated sufficiently far from the equator that relative

vorticity can be ignored in comparison to the local value

f 5 fo there. Then (4) is replaced by

q
S

ðs2
2

s1

du � n ds1
ðs1

2

s2
2

f
o
u � n ds1q

S
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(Q
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2Q

o
) ,

(A1)

where now QS represents the volume flux across the

southern segment (s 5 s1 to s 5 s2
0), QN represents

the volume flux across the entire northern segment (s5
s22 to s 5 s3), and Qo is the northward flux across the

shortcut (s5 s22 to s5 s12 ). Over the path of the shortcut,

let d5D1Dd(s), whereD is the depth at s5 s12 . As an

approximation, we divide the integral into J segments of

equal arc lengthDsj, and assume constant layer thickness

D 1 Ddj within each segment. Thus,
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so that (A1) now becomes

q
S
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This expression is the same as (2) except for the

presence of the final term representing the contribution

to the shortcut. Substitution into (2) results in the

modified island rule:

Q
S
5

(f /d)
N

ðð
AE

w
e
dA

E
1 dB2

ðsC
0

C
d

juj
d
u � l ds1 (f /D)

N �
J

j51

DQ
j

dd
j

D

[(f /d)
N
2 (f /d)

S
]

. (A2)

The final term in the numerator can be estimated by

applying the Stommel–Arons formula (10) to calcu-

late each DQj. We have carried out this calculation

using a shortcut lying at 48S (dashed line in Fig. 5),

resulting in a value �J

j51DQjddj/D of 20.0074 Sv. The

value of
ÐÐ

AE
we dAE, previously 0.87 Sv, is reduced to

0.72 Sv. due to the decrease in the areaAE. These two

factors result in net increase in the estimate of QS

by a 0.04 Sv. We had previously estimated the con-

tribution from the upwelling term to be from 0

to20.24 Sv, so the revised transport is already within

this range.

APPENDIX B

Estimation of dB

In the homogeneous and hydrostatic setting of

shallow-water dynamics, the Bernoulli function is in-

dependent of z. We then associate its value at any hori-

zontal location with the depth-average value of the

stratified layer that is being sampled. In order to mo-

tivate our estimate of the drop in this average value

from y 5 yu and y 5 yd, it is helpful to consider the

mechanical energy equation for steady, incompressible

flow. A useful form of this equation is

›

›x
j

(ru
j
B)5

›

›x
j

(2mu
i
e
ij
)2 r« , (B1)

where eij 5 (1/2)(›ui/›xj 1 ›uj/›xi),B5 juj2/21 p/r1 gz,

and m is the dynamic viscosity.

We integrate (B1) over the control area A (Fig. 6)

and disregard the advection of B across the top

boundary (where the flow is assumed to be quiescent)

and across the bottom boundary (which could be

chosen as a streamline close to the bottom). Then

the net drop in the flux of B between the end

boundaries is

ðh(yu)1d(yu)1db

h(yu)1db

(ryB) dz2

ðh(yd)1d(yd)1db

h(yd)1db

(ryB) dz

5W
f
1

ðð
A

r«dA , (B2)

where db is the height above the bottom over which

measurements of « are lacking and Wf 5
Þ
›Α2muieijnj ds

is the rate of work done by viscous stresses acting around

the boundary ›A ofA, the unit normal to which is nj. The

largest contribution to this term is expected to arise from

viscous stresses acting along the bottom portion of A.

In a turbulent flow the analogous stress would be pro-

vided by turbulent momentum fluxes (terms like ry0w0)
in the presence of amean velocityV, giving rise to rate of

work proportional to ry0w0V. The latter would act along

the bottom of A and could be interpreted as the rate of

work done by drag. This term would be zero if A ex-

tended right to the bottom (where the velocity is zero).

In fact, Alford et al. (2013) only measured « to within

about 50m of the bottom, so we must choose the bottom

ofA to lie somewhat shallower than the physical bottom.

In this case both terms on the right hand side of (B2) are

in play and we will estimate the drag term using a qua-

dratic drag parameterization (i.e., y0w0 5Cdy
2
b, where yb

is the y-velocity component at the bottom of A).

In the above formulation r, B, etc. depend on z,

whereas each of these quantities is z independent in the

lower layer of the shallow-water model that forms the

basis for our island rule formulation. We associate

the term dB that arises in (6) with a drop in the depth-

average B in the more general, z-dependent situation.

The left-hand side of (B2) can be approximated as

ðh(yu)1d(yu)

h(yu)

(ryB) dz2

ðh(yd)1d(yd)

h(yd)

(ryB) dz ffi M(dB) ,

where dB is the drop in the depth-average value of B

between yu and yd, and
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M5

ðh(y)1d(y)

h(y)1db(y)

ry dz ffi
ðh(y)1d(y)

h(y)

ry dz

is the horizontal mass flux per unit width over the depth

ofA. [AlthoughMwould be conserved in a 2D setting, it

depends weakly on y along the actual section of obser-

vations (Fig. 6) andwe therefore takeM to be the average

value between yu and yd.] Use of these approximations

in (B2) yields

dB5M21

ðð
A

r«dA1W
f
/M5

ðð
A

r«dA/M

1C
d

ðyd
yu

y2b
d
dy ,

now using the quadratic drag formula to estimateWf/M.

The velocity yb is that measured approximately 50m

above the bottom. (Note that the velocities measured

from 50m to several hundred meters above the bottom

are remarkably constant with z, as indicated in Fig. 6.)

The above approach ignores the effects of advection

of B across the bottom boundary of the area A, an as-

sumption that is justified if this boundary coincides with

streamlines of the flow, or nearly so. This assumption

could break down where abrupt horizontal changes and

strong vertical motion occur in the vicinity of the bot-

tom. Dissipation in these hot spots is unaccounted for in

our formulation.
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